Maximum principles for a certain class of semi-linear elliptic partial differential equations  by Goyal, V.B & Singh, K.P
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 69, 1-7 (1979) 
Maximum Principles for a Certain Class of Semi-Linear 
Elliptic Partial Differential Equations 
V. B. GOYAL AND K. P. SINGH 
Department of Mathematics, Kurukshetra University, Kurukshetra, Haryana, India 




2& + . . . + g 
2 VI2 
denote the Laplace operator in Euclidean space En of n dimensions and 
A’i z Q-1) 
the k-times repeated Laplacian in n independent variables. Points in En are 
denoted by x = (x1, x2 ,..., x,). Let D be a bounded domain in E” with a 
sufficient smooth boundary 8D and closure D. 
In [2] Dunninger proved the following result: 
THEOREM A. Let u E P(D) n C2(D) be a non-constant solution of 
A2u + Cu = 0 (1) 
where A is a Laplacian and C is a positive constant. If Au = 0 on aD, then / u 1 
cannot attain its maximum at any interior point of D. 
The purpose of this note is to show that similar results hold in case of partial 
differential equations of the form 
A2u + P(x, , x2 ,..., x,)f(u) = 0 
where P(x, , x2 ,..., x,) > 0, andf(u) is a positive, nondecreasing, differentiable 
function. 
A maximum-minimum principle is also obtained in case of non-constant, non 
null solution of 
A(P(x, , x2 ,..., x,) A%) = 0 
where k > 1 is an integer and P(x~ , x2 ,..., x,) is a positive and twice continu- 
ously differentiable function. 
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THEOREM 1. If u = u(xl , x2 ,..., x,) is a non-constant solution of the Partial 
d@rential equation 
A% + Cf(u) = 0 (2) 
where C is a positive constant, and f (u) is a positive, non-decreasing, d#eerentiable 
function; and if Au = 0 on aD, then 
I +%)I > I uw (3) 
for all x E D and for some x0 E aD. 
Proof. Clearly, any non-constant solution u E Cd(D) n C2(a) of (2) satisfies 
the system 
Au = w and Aw = -Cf(u). (4) 
We define 
c(x) = 2C jr(‘) f (v) dv + w2. (5) 
Denoting one of the variables, xk , b y in and differentiating (5) twice with respect 
to OL, we get 
5, = 2Cf (u(x)) u, + 2W% 
Lm = 2Cf ‘(u(x)) u,2 + 2Cf (u(x)) u,, + 2wa2 Jr 2W%, . 
Summing over all 01 = xJc , we have 
05 = Zcf’(u(x)) 1 grad u I2 + 2Cf(u(x)) Au + 2 I grad w l2 + ~wAw. (6) 
Substituting (4) into (6), we find that 
A< = 2Cf’(u(x)) 1 grad u I2 + 2 1 grad w 12. 
Since f ‘(u) > 0 we see that A< > 0. But A[ f 0 as u is non-constant. Hence, 5 
itself is a non-constant subharmonic function. And it follows from the maximum 
principle of subharmonic functions that t(x) cannot attain its maximum at any 
interior point of D. 
i.e. 5(x,) > 564 (7) 
for all x E D and for some x0 E aD. 
It follows from (7) that 
2c 10U’z”‘f (v) dv + (Au(xO))” > 2C l:““‘f (v) dv + (Au(x))“, 
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However since Au(x,,) = 0, it yields 
2c j”“(=q’r(v) dv > 2c j-yf(v, dv + (Au(x))L > 2C /7f(v) dv 
or, since C > 0, we have 
I u(%)i > I u(x)! 
for all x E D, which proves the desired result. 
Remark. Theorem 1 can be extended to the solutions of the partial dif- 
ferential equation 
A% + bAu + cf(u) = 0 (2)’ 
where b < 0, c > 0 are constants and f(u) is a positive, non-decreasing, and 
differentiable function. 
THEOREM 2. Let u be a non-constant solution of the partial diffevential equation 
AAu + b(Au)” + P(x, , x2 ,..., xn) u = 0 (8) 
where b is a non-positive c&stunt, k is an odd integer and P(x, , xp ,..., xn) > 0 
is twice continuously dilferentiable and is such that 
Then 
AP > 8 P grad &I’. 
i 
I 4%)l > I 44 
(9) 
for all x E D and for some point x,, E aD provided Au = 0 on aD and 
PC%) < P(x). (10) 
Proof. Evidently, a non-constant solution of (8) satisfies the system 
Au = w and Aw = -b& (11) 
As in the proof of Theorem 1, we now consider the auxiliary function 
6(x) = Pu2 + 03. (12) 
Differentiating twice with respect to the variable xlz and summing over all 
xk’s, we have 
Af=2P(lgraduj + U’g~dP’)2+(AP-8(Pgrad-&~) 
+ 2 1 grad w I2 + 2uPAu + 2wAw. 
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Since b < 0 and P > 0, it is easy to conclude with the help of (9) and (11) that 5 
is subharmonic; and it follows from the maximum principle of subharmonic 
functions that there exists a point x0 E aD such that 
P(xJ U2(X”) +- (Au(x# > P(x) u’(x) + (Au(x))2 (13) 
for all x E D. But, since Au = 0 and aD, the assertion is proved with the help 
of (10). 
Remark 1. If b = 0, then (8) reduces to 
AAu + Pu = 0. (14) 
Thus, Theorem 2 of Chow and Dunninger [2] regarding Equation (14) becomes 
a particular case of this theorem. 
Remark 2. Dunninger [3] remarked that his Theorem 1 could be extended 
to the case of 
AAu + bAu + L-U = 0 (15) 
where b < 0 and c > 0 are constants. Clearly, again if k = 1 and P(x, , x2 ,..., 
x,) = C, (15) is obtained from (8). 
THEOREM 3. If u be a non-constant solution of the partial differential equation 
A(Q(xl , x2 ,..., ~11) Au) + P(x, , x2 ,..., x,) u = 0 (16) 
where functions P = P(x, , x2 ,..., x,) and Q = Q(xl , x2 ,..., x,) are such that 
R = R(x, , x2 ,..., x,) = PQ > 0 is twice continuously differentiable and 
AR > 8 R grad X&)2 
i (17) 
then 
I 4%)l > I 44 
fey all x E D and for some point x,, E aD, provided Au = 0 on aD and 
R(x,) < R(x). 
It will be proved exactly as Theorem 2, except that the auxiliary function 
t(x) will be replaced by 
Y(x) = Ru2 + w2 (18) 
where 
QAu =v and Av + P(x, , x2 ,...) x,) u = 0. (19) 
Remark 1. If Q(xr , x2 ,..., .xn) = 1, Theorem 2 of Chow and Dunninger [2] 
can be deduced from this theorem. 
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Remark 2. Theorem 3 could be extended to the case of the solutions of 
A(QAu) + b(QAu)l + Pu = 0 (16)’ 
where 1 > 1 is an odd integer and b < 0. 
THEOREM 4. The boundary value problem 
A(Q(x, , x2 >...t x,) Au) + P(x, , x2 ,..., x,) u =f in D 
(16)” 
u =f1, Au =f2 on aD 
where f E Co(D); fi , f2 E CO(aD); and P(x, , x2 ,..., x,) satisjes the conditions of 
Theorem 3; has one and only one solution 
u E C4(D) n C2(D). 
THEOREM 5. Let u = u(x1,x2 ,..., x,) be a non-constant solution of the Partial 
d$jferential equation 
AAu + P(x, , x2 ,..., x,) ulz = 0 cw 
where k > 1 is an odd integer and P(xI , x2 ,..., x,) > 0 is twice continuously 
d$j%tentiable and such that 
AP = 4 y (P grad A)‘. (21) 
Then 
I u(xo)I > I 44 
for all x E D and some point x0 E aD provided Au = 0 on aD and 
Wo) < P(x)- 
Proof of this theorem is achieved excatly as that of Theorem 2 except that the 
auxillary function t(x) is to be replaced by 
P(x) = 2P(x,, x2 ,..., x,) &+l + (k + 1) w2 
where 
Au=w and Aw = -P(x, , x2 ,..., x,) Us. 
Remark 1. Theorem 5 could be extended to the solutions of 
(22) 
(23) 
A% + bAu + Pu” = 0 (24) 
where b < 0 and k > 1 is an odd integer. 
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Remark 2. Another extension of Theorem 5 could be made to the solutions 
of 
AAu = P(x, , x2 ,..., XJ (Au)~ (25) 
where P is a non-negative continuous function and k > 1 is an odd integer. 
THEOREM 6. Let u be a solution of 
AAu + P(x, , x2 ,..., xn) eU = 0 (26) 
where P(x, , x2 ,... , xn) satisfies the conditions of Theorem 5. If Au = 0 on aD then 
1 u(x)1 cannot attain its maximum at an interior point of D. 
Proof is exactly the same as above except that the function p(x) is to be replaced 
X(x) = 2Pe” + 0~~ 
where (26) is equivalent to 
Au = w and AW = -P(x, , x2 ,..., x,) e”. 
Remark. Theorem 6 could be extended to the solutions of 
AAu + b(Au)l + P(x, , xe ,..., x,) eU = 0 
where b < 0 and 1 > 1 is an odd integer. 
THEOREM 7. A non-constant function u = u(xl , x2 ,..., x,) satisfying 
A(P(x, , x2 ,..., x,) A%) = 0, k>l in D 
and 






where P(x, , x2 ,..., x,) is a positive and twice continuously dz&ferentiable function 
can attain neither its maximum nor minimum at any interim point of D irrespective 
of k being odd or men integer. 
Proof is easily achieved by means of the transformation 
PA% = v 
and arguing exactly as in Theorem 3 of [3]. 
The above theorem can also be extended to the case of the problem 




A~=A~u=..~=A~-~u=O on aD 
where b is now a non-positive continuous function. 
(34) 
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Proof will be achieved by means of the transformation 
A”-lu = zI. (35) 
THEOREM 8. The boundary-value problem 
A(PAG) =f(x) in D (36) 
and 
u =go, Au =g,, A% =g, ,..., A% =g, on aD 
whef E W); go ,g, , g, ,..., gk E e(aD), has one and only one solution 
u E C2’-1’(D) n C’“+l’(@. 
(37) 
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